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Abstract
This paper derives formulae, expressed in terms of Schottky–Klein prime functions, for the conformal mapping between concen-
tric annuli and Bell representations which are canonical doubly connected planar domains. New formulae relating the conformal
moduli associated with the two respective canonical domains are derived and complement recent results by Jeong, Oh and Taniguchi
[M. Jeong, J.-W. Oh, M. Taniguchi, Equivalence problem for annuli and Bell representations in the plane, J. Math. Anal. Appl. 325
(2007) 1295–1305].
© 2007 Elsevier Inc. All rights reserved.
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1. Introduction
Crowdy and Marshall [4] have recently considered the problem of finding explicit conformal mappings between the
classical canonical multiply connected domains. They construct explicit formulae for the conformal mappings from
the class of multiply connected circular domains to all the canonical multiply connected slit domains listed in standard
texts on conformal mapping [8]. Interestingly, all such formulae can be written in terms of a special transcendental
function called the Schottky–Klein prime function.
Bell [2,3] has introduced new classes of canonical multiply connected domains having the special property that
they have algebraic Bergman kernels. The natural question therefore arises as to whether explicit conformal mappings
from multiply connected circular domains to this new class of canonical domains can be found. Further, can such
conformal mappings also be expressed in terms of the Schottky–Klein prime function? In this paper, we address this
question for the special case of doubly connected domains.
To proceed, let us introduce the class of doubly connected domains in a complex z-plane given by
A(r) = {z ∈C ∣∣ ∣∣z + z−1∣∣< r}, (1)
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Ω
(
ρ2
)= {ζ ∈C ∣∣ ρ2 < |ζ | < 1}. (2)
Jeong, Oh and Taniguchi [7] have considered the equivalence problem between these two canonical doubly connected
domains. They find explicit formulae relating the parameters r and ρ when two domains are conformally equivalent.
They do this in several ways: one method exploits the Szegö and Garabedian kernels associated with the annulus and
makes use of the Ahlfors map associated to it; another method makes use of Teichmuller extremal domains and theta
constants. Here, we also derive relations between r and ρ by constructing conformal maps between these canonical
domains. These relations, as well as the relevant conformal maps, are expressed in terms of Schottky–Klein prime
functions.
2. Conformal mapping
First, it is clear that the domain A(r) contains the unit z-circle since, everywhere on this circle, |z+ z−1| 2. Next
note that A(r) admits the holomorphic involution
J (z) = z−1, (3)
which essentially splits A(r) up into two equivalent parts separated by the unit circle. Given one half of A(r), the
second half is generated by inversion in the unit z-circle. Consider the image of one of these halves of A(r) under the
conformal mapping
η = f1(z) ≡ 1
r
(
z + 1
z
)
. (4)
The image is clearly a unit disc with an interior rectilinear slit [−2/r,2/r]: the boundary |z + z−1| = r maps to the
unit circle while the unit z-circle maps to the slit [−2/r,2/r]. It is clear that the “other” half of A(r) also maps to this
slit unit disc. In other words, the map (4) gives a 2-sheeted branched cover of the unit disc by the domain A(r).
2.1. First method
Consider the annulus Ω(ρ). We will introduce the following special function:
P(ζ,ρ) = (1 − ζ )
∞∏
k=1
(
1 − ρ2kζ )(1 − ρ2kζ−1). (5)
To within a normalization, P(ζ,ρ) is the Schottky–Klein prime function [1,4] associated with the annulus Ω(ρ). It is
easy to verify, directly from the definition (5), that
P
(
ζ−1, ρ
)= −ζ−1P(ζ,ρ), P (ρ2ζ,ρ)= −ζ−1P(ζ,ρ). (6)
P(ζ,ρ) is closely related to the first Jacobi theta function and the Weierstrass sigma function, although we will need
nothing more than the properties (6) in what follows. We also define
K(ζ,ρ) = ζ Pζ (ζ, ρ)
P (ζ,ρ)
, (7)
where Pζ (ζ, ρ) denotes the derivative of P(ζ,ρ) with respect to its first argument. K(ζ,ρ) is related to the Weierstrass
zeta function but, again, we will not need to use this fact.
Consider the sequence of conformal mappings of Ω(ρ) given by
f2(ζ ) = P(ζ,ρ)
P (−ζ,ρ) , f3(ζ ) =
1 − ζ
1 + ζ . (8)
The composition of these maps is
f3
(
f2(ζ )
)= P(−ζ,ρ) − P(ζ,ρ)
P (−ζ,ρ) + P (ζ,ρ) . (9)
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(shown on the right).
Fig. 2. Schematic showing the effect of the two conformal mappings f2 and f3. After composition of these two maps, the annulus Ω(ρ) is mapped
to the unit disc with a slit [−c(ρ), c(ρ)] along the real axis.
The effect of this sequence of maps is illustrated in Fig. 2: the image is the unit-disc with a slit [−c(ρ), c(ρ)] along
the real axis where
c(ρ) ≡ P(−ρ,ρ) − P(ρ,ρ)
P (−ρ,ρ) + P(ρ,ρ) . (10)
Only f2(ζ ) is non-trivial, however it is straightforward to use the properties (6) to find the image of Ω(ρ) under
this mapping. Since |ζ | = ρ maps to the slit [−c(ρ), c(ρ)] along the real axis, it follows from the Schwarz reflection
principle that this slit unit disc is also the image of the annulus ρ2 < |ζ | < ρ under the same mapping. Put another
way, the map (9) gives a 2-sheeted branched cover of the unit disc by the domain Ω(ρ2).
It is now clear that we can make the two slit unit discs in Figs. 1 and 2 coincide by making the choice
c(ρ) = P(−ρ,ρ) − P(ρ,ρ)
P (−ρ,ρ) + P(ρ,ρ) =
2
r
. (11)
Then the mapping
z(ζ ) = f −11
(
f3
(
f2(ζ )
)) (12)
(with an appropriate choice of branch for f −11 ) provides a conformal mapping to “half” of A(r) from the “half” of
Ω(ρ2) given by the annulus Ω(ρ).
2.2. Second method
There is an alternative approach. Imagine mapping the annulus ρ < |ζ | < 1 to the slit unit disc in Fig. 2 but this time
with the circle |ζ | = 1 mapping to the slit and |ζ | = ρ mapping to the unit circle. Now, the Schwarz reflection principle
implies that reflection of this slit unit-disc in the unit circle corresponds to reflection of the annulus ρ < |ζ | < 1 in the
672 D. Crowdy / J. Math. Anal. Appl. 340 (2008) 669–674Fig. 3. Conformal mapping f4 of the domain D1 to the domain D2 consisting of the exterior to two symmetrically-disposed slits on the real axis.
The images of A,B,C,D are, respectively, a, b, c, d . Note that A = −r/2, B = −2/r , C = 2/r and D = r/2.
circle |ζ | = ρ (which produces the annulus ρ2 < |ζ | < ρ). The aforementioned reflection of the slit unit disc produces
an augmented domain, call it D1, consisting of the entire plane now with two slits, [−2/r,2/r] and [r/2,∞] ∪
[−∞,−r/2]. Now consider the image of D1 under the Möbius mapping
f4(ζ ) = 1 − ζ1 + ζ . (13)
This takes the unit circle to the imaginary axis and D1 becomes the domain, D2 say, exterior to two symmetrically-
disposed slits on the real axis as shown in Fig. 3. The goal is to find a conformal mapping from Ω(ρ2) to D2.
Note that D2 is a canonical multiply connected planar domain referred to by Nehari [8] as a parallel slit domain
(here both slits happen to be parallel to the real axis). Crowdy and Marshall [4] have found the functional form of
the conformal mappings from multiply connected circular domains to all the familiar canonical multiply connected
domains, including parallel slit domains. All these mappings are expressed in terms of the Schottky–Klein prime
functions on the associated Schottky double of the planar domains. Applying the results of [4] (using the Schottky–
Klein prime function associated with Ω(ρ2) and not that associated with the (smaller) annulus Ω(ρ) as considered in
the previous section) implies the conformal mapping, f5 say, needed here has the general functional form
f5(ζ ) = Rs(ζ,ρ), (14)
where
s(ζ, ρ) ≡ K(ζρ−1, ρ2)− K(ζρ,ρ2)− 1
2
(15)
and where R is a real constant. The addition of the constant −1/2 ensures that −ρ maps to the origin (note that
ζ = ρ maps to infinity). Any map of the form (14) will map Ω(ρ2) to a horizontal slit domain with two slits that are
symmetrically disposed about the origin. The constant R must be chosen so that, when this domain is subjected to the
inverse of the mapping (13), the slit in the right-half plane maps to a slit inside the unit disc that is symmetrical about
the origin. It is a straightforward matter to establish that the final form of the mapping is
f5(ζ ) = s(ζ, ρ)√
s(−1, ρ)s(1, ρ) . (16)
Figure 4 shows the effect of this mapping on the annulus Ω(ρ2). The image of ζ = −1 under this mapping (the point
labelled “E” in Fig. 4) is the left-most edge of the slit in the right-half plane (i.e. the point labelled “e” in Fig. 4). If
we require that this point corresponds to the point labelled “c” in Fig. 3 then we must have
f4(2/r) = 1 − 2/r = f5(−1) (17)1 + 2/r
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E,F,G,H are, respectively, e, f, g,h.
leading, after rearrangement, to
2
r
=
√
s(1, ρ)s(−1, ρ) − s(−1, ρ)√
s(1, ρ)s(−1, ρ) + s(−1, ρ) . (18)
Then, the image of Ω(ρ2) under the mapping f5 will be precisely the region D2 shown in Fig. 3.
3. Discussion
In summary, we have established that the correspondence between the conformal moduli ρ and r can be expressed
by the relation
2
r
= P(−ρ,ρ) − P(ρ,ρ)
P (−ρ,ρ) + P(ρ,ρ) , (19)
or, alternatively, by the relation
2
r
=
√
s(1, ρ)s(−1, ρ) − s(−1, ρ)√
s(1, ρ)s(−1, ρ) + s(−1, ρ) . (20)
We have also found explicit conformal mappings between doubly connected Bell domains and concentric annuli. The
formulae depend on Schottky–Klein prime functions associated with certain annular domains. Our representations
differ from, but are equivalent to, the various alternative forms given by Jeong, Oh and Taniguchi [7].
Bell representations of planar domains were originally introduced because they are classes of domains with al-
gebraic Bergman kernels [2,3]. A class of planar domains known to have algebraic Bergman kernels are known as
quadrature domains [6]. Crowdy and Marshall [5] have already shown how to construct conformal mappings from
multiply connected circular domains to conformally equivalent quadrature domains. Their construction makes use of
the Schottky–Klein prime function on the associated Schottky double. It remains an important challenge to establish
whether one can find explicit conformal mappings between circular domains of higher connectivity and classes of
canonical Bell representations of multiply connected domains. It is likely that, as we have done here in the doubly
connected case, such mappings can be expressed in terms of Schottky–Klein prime functions on the Schottky double
of the domains.
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